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We compute the Schwinger terms in the energy-momentum tensor commutator algebra from the 
, anomalies present in Weyl-invariant and diffeomorphism-invariant effective actions for two dimen- 

sional massless scalar fields in a gravitational background. We find that the Schwinger terms are not 
sensitive to the regularization procedure and that they are independent of the background metric. 



PACS numbers: 04.62. +v, ll.30.-j 



I. INTRODUCTION 



> 

The theory of a (quantized) scalar field coupled to gravity has to follow an ad-hoc prescription: the functional 
integration over the scalar field involves the evaluation of a determinant of the Laplace operator, which is ambigu- 
ous. For massless scalar fields in two-dimensional space-time the standard prescription implements a diffeomorphism 
invariant regularization that leads to the well known Polyakov action Q r p [<7 Miy ], a functional of the background 
' metric g^ that is indeed diffeomorphism invariant but has an (equally well known) anomaly with respect to Weyl 
Q\ \ transformations. 

Recently an alternative evaluation of the theory has been given, where a Weyl invariant regularization has been 
implemented The resulting effective action r[<7 M1/ ], while being Weyl invariant, does not remain invariant under 

^ i general coordinate transformations, but only under those with unit Jacobian. 

' Gravitational and Weyl anomalies lead to anomalous contributions to the equal-time commutators of the energy- 
momentum tensor [||J^] (see also || for the analogous fact in current algebra). So the question arises whether these 
two versions of the theory lead to the same anomalous commutators. In this paper we investigate this question and 
. rH , find that, indeed, the anomalous commutators coincide in both versions of the theory and lead to the well known 
result from Conformal Field Theory |J. We do this calculation both for flat and curved space-time. In the latter 
case of general metric the computation is done without any gauge fixing; this is the proper procedure because gauge 
fixing would be in conflict with the Weyl-invariant regularization, that breaks diffeomorphism invariance. The results, 
when properly interpreted, lead to the same Schwinger terms as in the flat space-time and, therefore, show that the 
Schwinger terms do not depend on the curvature. 

II. DIFFEOMORPHISM-INVARIANT AND WEYL-INVARIANT REGULARIZATIONS 

First we have to fix our conventions. We use the flat Minkowskian metric r\ a b with signature (+, — ). The metric 
(x) is related to the zweibein via 
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9nv{x) = r lab e a ^(x)e b l/ (x); (1) 



we also need the zweibein determinant 



e(x) := dete^(x) = ^J\detg^(x)\ (2) 

and the inverse zweibein E%(x), 

E^x):= Vab g^(x)e b v (x). (3) 

For the curvature we use the sign convention = — d a T^ v + . . ., where is the Ricci tensor and T™ v is the 
ChristofFel connection. 

Weyl transformations act like 

9^{x) -> cxp(2a(x))g f _ tu (x), e*(x) -> exp(a(x))e*(x). (4) 

When the effective action T is not invariant under Weyl transformations, an infinitesimal change 8^ g^{x) — 
2<j(x)g )lv {x) induces a Weyl anomaly G w (x): 



J d 2 xa(x)G w (x), (5) 



C r: = / d z xa(x)G w (x) 

G w (x) = -2g^(x)^- } = -e(x)g^{x)T^(x), (6) 
where T^ v is the v.e.v. of the energy momentum tensor 6 pl/ , 

2 ST 

T^) = {%Az)) = W)W ^r y (7) 

Under an infinitesimal coordinate transformation (diffeomorphism) S^x 1 * = —^(x) the metric and zweibein trans- 
form like 

Sfg^ix) = -DTW - rr?>{x), Sfe^x) = £ A 5 A e£(x) + e a x (x)d^ x (8) 

and a diffeomorphism anomaly is given as 

5fT := J d 2 x?(x)G»(x), (9) 

(PA*) = Mx)D» (^^y = e { x)D^ v{ x). (10) 

It will be convenient later on to use covariant derivatives acting on the combination eT^ v , using the rule eD a = 
{D a - T^ A )e. Thus we rewrite G° as 

G»{x) = (£>" - g^T x pX )(e(x)T^(x)). (11) 
Further we will frequently use the following variational formulae, 

= - Vac el (x) (g»° (x)g» x (x) + g™ {x)g^ (x))S^(x-y) 7 (12) 
^ r -r(^Ax)S^(x-y), (13) 

SR(x) 



Sg^(y) 



[R^(x) + (D„D„ - g^)( x) ]5 (2) {x - y), (14) 
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where R is the curvature scalar and R^ u is the Ricci tensor. 

The classical action of the theory reads 

S = J d 2 x^g^(x)d^(x)d^(x). (15) 

When a diffcomorphism invariant path integration with respect to <j> is chosen, one obtains the Polyakov effective 
action [Q 

r P [ffH = / d 2 xd 2 ye(x)R(x)n- 1 (x,y)e(y)R(y), (16) 

where □ _1 (x,y) is the scalar symmetric Green function of the covariant Laplacian (satisfying □ (ie, y) = 

e~ 1 (x)S^ (x — y)). r p is diffcomorphism invariant, 

G°(x)=0, (17) 

and posseses the well known Weyl anomaly (for a comprehensive review, see for instance fl(i[| and references therein) , 

G W (x) = -±- e (x)R(x). (18) 

The alternative, Weyl invariant evaluation that was discussed in [^|-[| relies on the observation that the classical 
action ( fL5|) depends only on the Weyl invariant quantity 7' tly , where 

-T(x) = e(x)g^(x), 7fiv (x) = -j^g^x). (19) 

e(x) 

As the breaking of the classical Weyl invariance in Polyakov's path integration may be traced back to a diffeomorphism- 
invariant and Weyl non-invariant normalization for the path integral measure, 

**-*f*-wew>-i. (20) 

the Weyl invariant evaluation can be achieved by choosing instead 

£>0exp(i / d 2 x(f) 2 {x)) = 1. (21) 



This leads to a Weyl-invariant effective action f [g^ v ] which depends on g fiv (x) only through the combination By 
construction the two effective actions T p and T coincide for metrics with unit determinant, therefore 

f[<n = T P [ 7 H = - A- J d 2 xd 2 yR(x)n-\x,y)R(y), (22) 

where R(x) is the curvature scalar evaluated from ^ v (notice that R(x) is not a true scalar). 

r is Weyl-invariant, but it acquires an anomaly under coordinate transformations with Jacobian not equal to unity. 
This anomaly may actually be easily computed from the Weyl anomaly of the Polyakov action. The v.e.v. of the 
energy-momentum tensor computed from T is 

f (x) - — 6t -2 St y 6t 



e(x) 5g^ v (x) Sj^(x) ^ 5-i a P(x) 
= TUl)-\l^l aP Tl p { 1 ). (23) 

Here T p (7) is the energy-momentum tensor T p , as computed from the Polyakov action, evaluated at g^ v — 7 Miy . 
Obviously, there is no Weyl anomaly, g^T^y = 0. 

In order to evaluate the diffcomorphism anomaly we need the identity D^g^T^a) — ^D^^T^a), which may be 

easily proven by using the tracelessness and symmetry of (here is the covariant derivative for the metric 7^). 
We then find for the diffcomorphism anomaly 
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1 



^D a ( 7 ^r| 4 ( 7 )) 



= -^- (24) 

Here we have used the vanishing of the diffeomorphism anomaly for T p and the fact that D a reduces to the ordinary 
derivative on scalars. The anomaly is a pure divergence because only the symmetry with respect to transformations 
with non-unit Jacobian is broken (see S). 



III. SCHWINGER TERMS 



In this section we want to relate the anomalies of the previous section to the equal-time commutators (ETCs) of the 
energy-momentum tensor, both in flat and curved space-time. Here we will follow a method that was developed in Jll]] 
and used there for the calculation of ETCs in the flat space-time limit. We want to find the Schwinger terms in the 
general case of a non flat space-time, too, which makes things slightly more complicated. We choose the hypersurface 
x° = as a quantization surface. For ETCs we write 

5(x° - y°)[e(x)eZ(x), e{y)®l{y)] = 0£(s, y) + S%(x, y), (25) 

where we have used the zweibein formalism in order to conform with |Tl| ] (i.e. /i, v are space-time indices whereas a, 
b are Lorentz indices). In eq. ( p5| ) 0^ is the canonical part, depending again on the regularized energy-momentum 
operators 0^(x), whereas S^ b are c- numbers (the Schwinger terms). In the flat case regularization means just normal 
ordering, and therefore the v.e.v. of eq. ( |25| ) arises only from S££ in the r.h.s. In the general case this is no longer 
true []12| but our knowledge of the flat case will still enable us to identify the individual pieces. 

In the flat case it is well known that the canonical part is proportional to the first spatial derivative of the delta 
function, e.g. Qqi(x, y) ~ i(Q^(x) + Q^(y))S(x a — y t) )S'(x 1 — j; 1 ), whereas the Schwinger term is proportional to a 
triple spatial derivative, Sqi(x, y) ~ c6(x° — y°)8'"(x 1 — y 1 ) (c is a constant). 

In the general case both the expression for the classical energy- momentum tensor (see (|l5|)) and the regularization 
will introduce a dependence on the metric and its derivatives in eq. (p5|). However, we will assume that the number 
of derivatives on the delta function remains unchanged, i.e. we will continue to identify the 5"' piece of the v.e.v. 
of eq. (|25|) with the Schwinger term. By treating the deviation from the flat space-time action ( |T5| ) as interaction, 
Si = S{g^ u ] - T = -«ln < 0|T* expiS'ijO >= —ihiZ = — iln< out\in > we find for the two point function 

- h J^nr, s = <cmt\T*{e{x)Q»{x)e{y)®l{y))\in> 

- < out\e(x)@%(x)\in X out\e(y)Q^(y)\in > 

A 6((e(x)Q%(x)) , 
+ < out - u ; / . ° v " in > 

:=T%(x,v)+a%(x,y), (26) 

where T^{x,y) is the connected, time-ordered two-point function 

T%(x,y) = < out\T(e(x)GZ(x)e(y)Q» b (y))\in > 

- < out\e{x)0%(x)\in >< out\e{y)Q u b {y)\in > (27) 

and contains the remaining pieces and is local (i.e. proportional to S(x — y) and derivatives thereof) 

Now we want to relate this two-point function to functional derivatives of the anomalies in eqs. (j^Jio|). Defining 
these functional derivatives as 

I« {x ,y):=-iEZ-^-l, (28) 

n?(s ' y):= " z W' (29) 
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we find the relations 

- I% b (x, y) + A" b (x, y) = (D p T x pX ) (x) (T%(x, y) + Q p J(x, y)) 

= S%(x,y) + (D p - T x pX ) (x) n%(x,y) (30) 

and 

U$(x,y) + B?{x,y)=el(x)Sl%(x,y). (31) 

Here A" b (x,y) and B b (x,y) stem from variations of the anomalies flint) that do not vary the one-point function 

e(x)T pv {x) (e.g. B b (x)(x,y) = — ( S g eb ^ j e(x)T flu (x)). They produce 6 functions and first derivatives thereof and 

vanish in the flat limit. They are unimportant in the sequel. Further, we have assumed in eqs. ©|l|) that the 
anomalies of the Heisenberg operators 0° are themselves c-numbers. Under this assumption the anomalies do not 
contribute to the connected two-point function, e.g. < T ((D fl Q fJ , 1/ (x) ) Q a p(y)) > c = 0. (Here we slightly differ in 
the conventions from They treat the operator 0^ (x) as an interaction picture operator and, therefore, obtain 
additional commutators [0°(x), Li(x )] in their relations.) 

As we use the zweibein formalism, we need the corresponding equation for the Lorentz anomaly, even though the 
latter vanishes in both regularizations of our theory. Under infinitesimal Lorentz transformations the zweibein changes 
as 



inducing a variation of the effective action 



SX = ~< e l ( 32 ) 
£r : = / d 2 xa ab G L ab (x) (33) 



where 



Then, defining 



G\ b {x) = -\(Va C e^ - *e^)r. (34) 



L^ ab (x,y):=-i^^- (35) 

we find a further set of equations 

L a cab (x, y) + C? ab (x, y) = Vc d e d X(x, y) - V ad e d ^(x, y) (36) 

(where C" ab is irrelevant, analogous to the above A and B). 

Next we need the explicit expressions for the functional derivatives of the anomalies (L" ab being zero in both cases 
of interest). For the Polyakov action T p we have G D = and 

SG w (x) _ 1 f d2 J(e(x)R(x))5g^(z) (3?) 



5e b a (y) 24tt7 5cf u (z) Se b a (y) 

= ^Vbce x (y)(g^g^ + ^ a ) {v) {p„D v - g^a) (x) S^(x - y), 

whereas for the Weyl-invariantly regularized effective action T we find G w = and 

SG»(x) 1 _ &x r 2zd2z , 5R(x) 5Y°{z) 5g? s {z') 



Se b a (y) 48tt a J SjP° (z) 5gf 3S (z>) 6e b a (y) 

xd x x (D p D a - lpa a) {x) S^(x-y). (38) 

Now the procedure of |ll]] for evaluating the Schwinger terms S® b consists in expanding all the local functions of 
eqs. (^0pl|j36]) into derivatives of S functions, e.g. 
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The index k — 0, • ■ • , n counts the number of time derivatives, while n — k counts space derivatives. In particular, 



S®b(x,y) has only spatial derivatives of 6 functions, 



S^(x 1 y) = J2 S T ) d^\ X -y). (40) 

n 

Thus, one obtains a system of linear equations for the unknown coefficient functions S?? and Q^( k > n k \ 

First let us briefly review the flat space-time computation that was done in JTT| (they used it for chiral fermions, 
too, where diffeomorphism and Weyl anomalies are present). In this case all derivatives only act on the 5 functions. 
Therefore the explicit expression analogous to ( |38| ) for I" b contains only terms with three derivatives, and the corre- 
sponding expression ( |37| ) for II" only terms with two derivatives. Further, the covariant derivative in eq. ( |30| ) turns 
into an ordinary derivative. As a consequence, the resulting system of equations may be solved separately for each 
fixed number of derivatives (n derivatives for /, S and n — 1 derivatives for II, f2); for each fixed n the number of 
unknowns S^" and fi^ k ' n fc ) equals the number of equations. As only n"^' 2 ^ and /"j 3 ® are non-zero, one 
finds a non-zero result only for S®^ 3 \ ^^ fc ' 2 ^ (even in the non-flat case, we will only consider the coefficient of 
the triple derivative of the Schwinger term, therefore we drop the superscript (3)). Eliminating the fis, one arrives at 
the flat space result 

oOa _ ,-a(0,3) ,-o(l,2) 7-0(2,1) t-o(3,0) tWM) (a-, \ 

Q 0a _ 7-0(0,3) r o(l,2) ,-o(2,l) to(3,0) ^(0,2) tto(2,0) fA0 s 
a lb — ~hb ~ 1 Qb ~ J lb ~ 1 0b ~ Li b ~ LL b • 

These equations we have to evaluate for the two versions T p and T of our theory in the flat limit. In the first case 
only 11^ are non-zero, in the second case only I" b . Both versions lead to the same Schwinger terms, 

S °o° = S™ = 0, (43) 
LZir 

For the Weyl anomaly this result was in fact already computed in |nj (we differ in signs because of different metric 
and curvature conventions). For the diffeomorphism anomaly we find the same result, showing that the Schwinger 
terms are not sensitive to the regularization prescription. 

Next we want to discuss the case of general metric. In this case one has covariant derivatives in eqs. (^,^,^8|), and 
therefore the system of equations ( fjO|]3l]|3"6| ) mixes different number of derivatives. However, and 11^ still contain 
at most three and two derivatives, respectively, acting on S functions. If one also assumes that contains at most 
two derivatives (which is a very reasonable assumption, as all diagrams contributing to < T(e(x)Q^(x)e(y)Ql(y)) > 
are at most quadratically divergent), it still holds that the subsystem of equations containing the maximal number of 
derivatives (three for /, S and two for II, fl) may be solved separately. 

This system of equations is a little bit more complicated and leads again to the same solution for both the Weyl 
anomaly of T p or the diffeomorphism anomaly of T. The coefficients of dfS^(x — y) in the Schwinger terms read 

-rOO 



CUU _ QUU _ _ 



677 (gn) 2 
i (ei) 2 + (e }) 2 

i2tt ( gil y 



c-00 _ qOO _ 1 V C 17 T V^ll (Ar\ 
°10 — J 01 — T7TZ 7Z v? ' \^ ) 



and (defining k = 12ve [ gil) * ) 



Soo = K(-eoei9omi ~ e° eleg n + (e?) 2 ((.g i) 2 + e 2 ) + 2e\e\eg Q1 ), 
S§_ = K(e°eJ ff0 i5ii + e\e\eg xl - e\e\((g m f + e 2 ) - 2{e\feg Q1 ), 
SH = K{ele\g mgil + e^egn - e°e}(( 5 oi) 2 + e 2 ) - 2(e?) 2 eg m ) , 
Sft = K{-ele\g mi - e\&\e.g X x + {e\f{{gm) 2 + e 2 ) + 2e 1 e\eg 01 ) . 

(46) 



G 



Although some components look rather ugly, this result is precisely what one expects, as we want to discuss now. 

ib 



Let us transform St!? to pure space-time indices via 



Sal"' = E»Xg»'»g a '«S» va(3 . (47) 

Notice that we cannot invert this relation because we do not know all the components of Sz?. However, due to the 
symmetries Spuap — St/pap = Sap^, S^ap actually consists of six independent components. The expressions (45 4^) 
for S£ b a lead to five independent equations for S^uap- Therefore we are able to express all components of S^ap in 
terms of one unknown function A, where the form of A is restricted by the requirement that all S^ap tend to their 
well known Minkowski space version in the flat limit. We obtain 



'0000 



4»e 3 g og i _ ,.„ ; , .. _ i£1L _ . 
12n(g ^ 



li 



1 3 



. 3 



5*0101 — 5*0011 



2ie i g a 



ie 3 



8ie 3 (. 90 i) 3 


, (3oi) 5 


12^( 5 n) 4 


(<7ii) 4 


4ie 3 ( ff01 ) 2 


(3oi) 4 


127r( 3ll ) 3 


(.9n) 3J 


_ + (.9oi) 3 A 
! (.9ii) 2 ' 






( 5 oi) 2 Aj 




3ii 





Squi — — — h 

127rgn 

Sun = 3oiA, (48) 

where A may be non-zero (but finite) in the flat limit. 

For a proper interpretation of this result we need some basic facts about canonical quantization in curved space- 
time. We chose the hypersurface x° = const as a quantization surface. The direction of the (arbitrarily chosen) time 
coordinate is not an intrinsic property of this surface, and, therefore, time components of tensors are not invariant 
under coordinate transformations that do not change the coordinates on the hypersurface. Instead one has to choose 
the projection of the time components onto the timelike vector orthogonal to the surface, e.g. (T^ v is a general 
tensor, i is the space index) 

(see e.g. The vector is given by 

I" = eg * 1 . (50) 

Here we chose the normalization l^l^ = —gn, which is the proper normalization in order to obtain the correct 
commutator algebra on the quantization surface, see e.g. P,|l4|] (this normalization corresponds to the requirement 
that is a vector, not a vector density: for a general tangent vector to the hypersurface, the orthogonal covector 
Ip, is Ifz = e^v&i, where e m, — ejje^e a (, — ee^^ is a tensor. For our specific choice — 5^ one finds precisely ( |50|) f or 



1^). Further we should remember that was defined as the commutator of [e(x)Q£(x),e(y)Q%(y)] (see eq. ( |25| ) 
i.e. to obtain the commutators of the Q% themselves we still have to divide by e 2 . Doing so, and performing the 
projections, we recover precisely the central extension of the Virasoro algebra |15[] 

Fl v l a l f3 S^ a0 = WS^u = W a S^ lal = (51) 
e- 2 (x)m u l a S llva i = e- 2 (x)l"S^ u = (52) 

1/7T 

and the arbitrary function A cancels out in all expressions The pure space component Sim = 3oiA, which 

is not related to any symmetry generator, remains undetermined by our procedure. 

IV. CONCLUSIONS 

We have analyzed the anomalous Schwinger terms in the equal-time energy-momentum tensor algebra in two 
different regularizations of 2-d scalar field theory in a curved background. 
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The usual computations make use of the conformal gauge, which is of course appropriate for the diffeomorphism- 
invariant regularization. Once the metric is set to its conformally flat form, all the machinery of Conformal Field 
Theory can be applied essentially as in flat space-time |l6| ]. In contrast, the gauge fixing can not be performed in 
the Weyl-invariant version of the theory. In order to compare both regularizations one then needs a more general 
framework, in which no gauge fixing is made at any step. 

In this framework we have achieved a two-fold result. On the one hand, we have shown that the energy-momentum 
operators continue to obey the Virasoro algebra in the case of a general metric, without using any gauge fixing for the 
computation. On the other hand, we have proven that both versions of the theory, eq. ( |l6|) and eq. (|22|), obey the 
same commutation relations, regardless of the symmetries broken by the regularization procedures. 
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